Aims. A system of stochastic differential equations (SDEs) is derived for sunspot activity. Methods. The SDE derivation relies on basic assumptions about a cyclic but randomly varying source of sunspots and on an average lifetime for sunspots. The SDE model parameters are fit to sunspot data for three different 11-year sunspot cycles. Results of calculations for the SDE system are compared with the data for each of the three sunspot cycles. Results. Certain characteristics are shared by both the SDE model and the data. In particular, the second and third moments about the mean divided by the mean are similar for the SDE system and for the data and appear to be approximately constant over the cycle.
Introduction
There has been much interest in developing mathematical models to describe sunspot activity as exemplified by the investigations of Charbonneau (2005) , Haviland (1996) , Orfila et al. (2002) , Sello (2003) , or Spiegel & Wolf (1987) . It is now generally accepted that magnetic cycles in the Sun are generated by a solar dynamo produced through nonlinear interactions between solar plasmas and magnetic fields as reviewed by Choudhuri (2000) . It appears that the average or large-scale features of the solar cycle can be explained by solar dynamo models (Cameron & Schüssler 2007; Charbonneau 2005; Choudhuri 2000; Dikpati et al. 2006 Dikpati et al. , 2007 or Passos 2008) . However, as pointed out, for example by Passos (2008) , the variation in the amplitude and period in the 11-year cycle is still difficult to understand. Also, as indicated by Letellier et al. (2006) or Usoskin (2008) , it still appears that uncertainty exists about whether the irregularities in the sunspot cycle can be best described by using deterministic or stochastic models, that is, whether the observations favor an explanation in terms of chaotic dynamics or stochastic dynamics. The chaotic behavior of the cycle has been studied with some success, for example, by Jevtić et al. (2001) , Letellier et al. (2006) , or Orfila et al. (2002) . Chaotic processes involve deterministic (predictable) dynamical systems that are sensitive to initial conditions and can appear to be random. In principle, the solar dynamo is deterministic, hence, predictable. In practice, however, the variables in this hydromagnetic process may be inaccurately known so random models may be useful.
In the present investigation, simple, basic assumptions are made that involve the presence of a cyclic but randomly varying solar source of sunspots along with an average lifetime of sunspots. Using these basic assumptions, a system of two stochastic differential equations (SDEs) is derived for the dynamics of the sunspot source and for the number of sunspots.
The parameters in the SDE model are estimated by a leastsquares method using sunspot data for three different 11-year cycles. The derived model is compared with the sunspot data for the three 11-year cycles. It is observed that certain characteristics are shared by both the SDE model and the data. In particular, the second and third moments about the mean divided by the mean are similar for the SDE model and the data and appear to be approximately constant over the sunspot cycle. The results indicate that the dynamics of a simple stochastic model, derived from a few basic assumptions, have certain features in common with the complex dynamics of sunspot activity.
Sunspot data
The data used in this research were obtained from the United States National Geophysical Data Center, NGDC, which provides long-term scientific data stewardship for the nation's geophysical data. Daily sunspot data were obtained from NGDC for the three 11-year cycles from 1943 to 1953, 1954 to 1964, and 1965 to 1975 . The three solar cycles were chosen somewhat arbitrarily in the present investigation. However, the cycles were selected to be three successive cycles occurring within the last century with somewhat different levels of sunspot activity.
There are few sunspots at the beginning and end of each 11-year sunspot cycle with a corresponding increase in noise in the sunspot data. To reduce the influence of this noisy data in estimating model parameters for each 11-year cycle, only 2500 days of data (approximately 7 years of data), with the maximum activity of the cycle located at the center of the 2500 days, are used to fit the model parameters for each cycle.
In Fig. 1 , the daily sunspot data is displayed for 2500 days about the maximum activity for each of the three 11-year cycles. The least squares curves in the figures were estimated for each cycle by fitting a cosine curve, a 1 (a 2 + cos(a 3 t + a 4 )), to the data. A cosine fit to the number of sunspots was chosen based on the curve fit discussed by Haviland (1996) . For example, the cycle 1965-1975 of Fig. 1 From left to right, 1943 From left to right, -1953 From left to right, , 1954 From left to right, -1964 From left to right, , and 1965 From left to right, -1975 sunspot data with least squares curves. Table 1 . Probabilities for the changes in the sunspot source for small Δt.
is restricted to the 2500 days about the maximum sunspot activity and the model parameters are estimated based on these 2500 days.
SDE model derivation
In this section, a derivation is presented of an SDE system that models the number of sunspots with time. There are two basic assumptions made in this derivation. It is hypothesized that there exists a cyclic but randomly varying source of sunspots and, second, it is assumed that sunspots exponentially decay, i.e., sunspots have an average lifetime inversely proportional to their decay rate. To derive the SDE model, it is useful to define a few variables:
q(t): randomly varying source of sunspots; n(t): the number of sunspots at time t; 1/λ: average lifetime of a sunspot in days; λΔ t: the probability that a sunspot decays in time Δt; q e (t): the mean or equilibrium sunspot source.
The sunspot source, q(t), mathematically models, in a simple way, the rate of formation of sunspots arising from the complex physical processes occurring within in the Sun. That is, the rate of formation of sunspots due to strong magnetic fields generated within the Sun is included in the sunspot source q(t). In addition, in the present investigation, the average lifetime, 1/λ, of a sunspot is taken as 14 days (see, for example, Kopecký 1960 and Taylor 1992) . The equilibrium or mean sunspot source is assumed to have a cosine shape, i.e., q e (t) = r(a + cos(bt + c)) = E(q(t)). In this expression, 2π/b is the solar cycle period in days, values of c and a are determined from the shape of the cycle, and the value of r is determined from the level of sunspot activity.
To develop the SDE model for sunspot activity, the possible changes in the sunspot source and in the number of sunspots are determined for a small interval of time Δt. (See, for example, Allen 2007 , Allen et al. 2008 or Allen 2003 , for a description of a procedure to derive accurate SDE models.) In Table 1 , the changes and probabilities in the sunspot source and in the number of sunspots are listed for a small time interval. This table defines a discrete stochastic model for the sunspot source and for the number of sunspots. The forms of the probability terms are Table 2 . Probabilities for the changes in the number of sunspots for small Δt.
selected so that the sunspot source does not wander randomly away from the equilibrium sunspot source q e (t). In particular, the probability terms α(q e (t) − q(t))/2 result in a drift of the sunspot source, q(t), toward the equilibrium source q e (t), i.e., α(q e (t) − q(t))/2 represents the tendency for the sunspot source to approach q e (t). The γq(t)/2 term represents a purely random component in sunspot source changes. For example, if γ = 0, the source strength q(t) adjusts to q e (t) at a rate determined by the magnitude of α. Lower values of α and higher values of γ imply increased randomness in sunspot activity. For the number of sunspots, the parameter λ represents the rate of decay of the sunspots. An Itô SDE system for sunspot activity is developed directly from Tables 1 and 2 and has the form:
where W 1 (t) and W 2 (t) are independent Wiener processes and q e (t) = r(a + cos(bt + c)) is the equilibrium or average sunspot source. A Wiener process, W(t), is almost surely continuous and, for 0 (Gard 1987; Kloeden & Platen 1992; or Kloeden et al. 1994 ) to Eq. (1) gives for small Δt:
where η t andη t are independent normally distributed numbers with zero mean and unit variance. Approximation (2) has the same mean changes and mean square changes to order (Δt) 2 as the discrete model defined by Tables 1 and 2 indicating an accurate SDE model as explained, for example, by Allen (2007) and Huff (2009) . Indeed, to order (Δt) 2 , both (2) and Tables 1  and 2 give E(Δq) = α(q e (t) − q(t)) Δt, E((Δq) 2 ) = γq(t)Δt, E(Δn) = (q(t) − λn(t))Δt, and E ((Δn) 2 ) = (q(t) + λn(t))Δt. For data analysis and comparison purposes, it is useful to determine mean values of certain quantities for SDE model (1). To find these mean quantities, Itô's formula (Gard 1987; or Kloeden & Platen 1992 ) is applied to Eq. (1). The following ordinary differential equations are then obtained for expectations of several different powers of q and n where, e.g., E(q 2 (t)) = E(q 2 ) is the expectation of q 2 (t):
These differential equations are solved assuming that α is much greater than b, as is found to be the case for the sunspot data for which α/b > 30. The assumption that α is much greater than b implies that random fluctuations in the source return to the equilibrium source curve, q e (t), at a faster rate than the frequency of the sunspot cycle. Solving these equations under this assumption yields the following equilibrium values for the first, second, and third moments for the number of sunspots:
where
Using (3), second and third moments about the mean divided by the mean are calculated as:
and
E n(t) − E(n(t))
Equations (4) and (5) indicate that these ratios are constant independent of time t during the cycle for the SDE model, assuming that α is much greater than b. That is, Eqs. (4) and (5) imply that the variance and the third moment about the mean are both proportional to the mean number of sunspots throughout the cycle. As shown later, the sunspot data also appears to share this characteristic. Thus, the simple stochastic SDE model is consistent in this manner with the data. Furthermore, it can also be shown that the fourth moment about the mean divided by the mean is not constant with respect to time in the cycle for either the SDE model or for the data.
Estimation of model parameters
By considering Eq. (1), the parameters r, a, b, c, α, γ, and λ need to be estimated to define the SDE model. The parameter λ is taken as 1/14 days −1 as stated in the previous section. As E(n(t)) = q e (t)/λ = r(a+cos(bt +c))/λ, the values of r, a, b, c are estimated by fitting a cosine curve to the number of sunspots for each cycle for 2500 days around the peak sunspot activity. Using Table 3 , and since t is in days, then b has units of 1/day. For these parameter values, the equilibrium sunspot source, q e (t), satisfies q e (t) ≥ 3 for most values of time t between 0 and 2500. To estimate the parameters α and γ, it is assumed that γ is equal to kα where k is a constant which is the same for all sunspot cycles. By considering SDE (1) for the sunspot source, i.e., dq(t) = α(q e (t) − q(t)) dt + γq(t) dW 1 (t), then if q e (t) ≥ 3, values of γ ≤ 6α ensure that the sunspot source, q(t), is nonnegative with probability unity as inferred from Allen (2007) . In addition, if γ ≤ 2α, test simulations with the SDE model (1), with estimated values of α, do not produce good comparisons with the sunspot data. To satisfy these constraints on γ, i.e., 2α ≤ γ ≤ 6α, γ is set equal to 4α in the present investigation. (This is not a strong assumption as the results of the SDE model are relatively insensitive to values of γ/α between 2 and 6.) Also, assuming a fixed ratio of γ/α, expression (4) for Θ 1 indicates greater variability in the sunspot activity with smaller estimated values of α and γ.
To estimate α, assuming a fixed ratio of γ/α, the value of Θ 1 in Eq. (4) is estimated using a least squares procedure for each sunspot cycle. Specifically, a least squares procedure is first used to estimate the parameters r, a, b, and c by minimizing for each cycle
where n i is the ith data value for the number of sunspots and E(n(t i )) = q e (t i )/λ. Next, a least squares procedure is used to find Θ 1 , and hence α, by minimizing the expression
where, by (3), E(n
where f i = q e (t i )/λ. Finally, as γ = 4α, then Θ 1 = 2/(α + λ) + 1 can be solved for α for each sunspot cycle. Estimated values for α and γ are given in Table 3 for each sunspot cycle.
The lower values of α and γ for the 1943-1953 cycle indicate that the sunspot activity for that cycle experienced a greater level of variability than the other two cycles. Indeed, the estimated values for Θ 1 for the three successive cycles are 16.76, 12.13, and 12.10, respectively, indicating that the 1943-1953 cycle experienced greater variability in the sunspot activity than the other two cycles. Estimated values of a, b, and c are approximately the same for all three cycles indicating a similar shape in the sunspot levels throughout the cycles. The value of r changes for each cycle and is related to the occurrence of different levels of sunspot activity for each cycle. 1943-1953, 1954-1964, and 1965-1975 cycles for fifty 50-day periods. 
Comparisons between SDE model and data
In this section, comparisons between the SDE model and the data are described. In particular, similarities between the data and the SDE model are discussed such as the behavior of the second and third moments about the mean divided by the mean.
The data for the three sunspot cycles are compared in Figs. 1-4 . The sunspot data along with least squares curves are given in Fig. 1. In Fig. 1 , the pronounced maximum activity near day 1250 is clearly seen. In Figs. 2-4 , the sunspot data for each cycle is analyzed for fifty 50-day intervals for each 2500-day interval. In Fig. 2 , the mean number of sunspots is plotted for each of the fifty 50-day periods. Ratios of second and third moments about the mean divided by the mean are obtained for each 50-day period and are plotted in Figs. 3 and 4 . From these figures, no pronounced maximum occurs in the ratios of second and third moments about the mean divided by the mean. Indeed, although variations are present throughout the 2500 days, these ratios appear to be roughly constant for each sunspot cycle.
Next, the SDE model is studied. First, SDE system (1), with the estimated parameter values of Table 3 sample paths using the Euler-Maruyama method. Two sample paths and the mean path are given in Fig. 5 for each sunspot cycle. It is clear that the simulations are similar to the sunspot data of Fig. 1 . As derived in Eqs. (4) and (5), the SDE system has the feature that the ratios of second and third moments about the mean divided by the mean are constant, independent of time, throughout the sunspot cycle. Calculated ratios of second and third moments about the mean to the mean for 2000 sample paths of the SDE system are given in Figs. 6 and 7 where it is clearly illustrated that the calculated ratios are constant and independent of time in the three sunspot cycles. The ratios in these figures are averaged over 2000 sample paths and, thus, have relatively little variability over the 2500 days. For each of the three sunspot cycles, ratios of second and third moments about the mean to the mean were calculated for the sunspot data over the 2500 days. A comparison of the ratios obtained from the data and from the SDE model are given in Table 4 . The ratios of the second and third moments about the mean to the mean for the SDE model and for the data are similar. The values for the 1954-1964 sunspot cycle differ by about 30%. However, for sunspot cycles 1943-1953 and 1954-1964 , the ratios of second moment about the mean to the mean are quite close and differ by less than 10%.
Summary and conclusions
A simple SDE model for sunspot activity is derived. In this derivation, basic assumptions are made about a sunspot source and lifetime of sunspots. The primary assumption in the derivation is that the source of sunspots randomly varies about a periodic mean sunspot source. A second assumption is that sunspots decay with an average lifetime of 14 days. (In a more detailed SDE derivation, the lifetime of sunspot groups may be treated separately from the lifetime of individual sunspots.) It is shown for the SDE system that the second and third moments about the mean divided by the mean are constant, independent of time in the cycle. The parameters of the SDE system are estimated for three successive sunspot cycles. Only 2500 days of highest sunspot activity for each cycle is used to avoid noisy data.
The SDE model is compared with the data for three sunspot cycles. An unexpected and interesting result is that certain similarities are shared by the SDE model and by the data. In particular, it appears that the variance and the third moment about the mean are both approximately proportional to the mean number of sunspots throughout the cycle for both the SDE model and the sunspot data.
